We develop discrete mechanics and variational integrat.ors for a class of degenerate Lagrangian systems, and apply these integrators to a system of point vortices. Excellent numerical behavior is observed. A longer term goal is to use these integration methods in the context of control of mechanical systems, such as coordinated groups of nnderwater vehicles. In fact, numerical evidence given in related problems, such as those in [2] shows that in the presence of external forces, these methods give superior predictions of energy behavior.
Introduction
Variational integration methods preserve key system properties at the discrete level. There are discrete versions of the canonical nature of the the time evolution maps, discrete versions of associated conservation laws, etc. See [4] for a survey and references. Variational algorithms get their name from t.he fact that it is the variational principles of mechanics that are discretized rather than the equations. They extend to forced (e.g., by control actuation) and dissipative systems. They give (see [2] ) superior predictions about energy conservation for conservative systems and energy change for forced and dissipative systems over standard (even more highly accurate) schemes. Symplectic integration methods for point vortices were given in 171, which clearly shows their superiority. However, the methods were somewhat hand crafted and special. In this paper, we do these simulations by general methods and numbers of vortices, getting even better results.
The usual theory of variational integrators and discrete mechanics for integration of Lagrangian s y s tems (see [4] ) assumes that the Lagrangian is regu- However, if L is degenerate, then the two-form 0, is degenerate, and it does not even make sense to ask whether the flow on T Q is symplectic (though one may still study whether R, is preserved by the flow map, as long as the flow is well defined). In this paper, we address a special class of degenerate Lagrangians for which a symplectic structure is well defined. For the cases we address, however, the symplectic structure will not be defined on TQ, hut rather on Q. [4] ) that the algorithm @ determined by (3) exactly preserves the symplectic form C~L , (i e., @*RL., = RL,).
2.2

Degenerate Lagrangian s y s t e m s
In this section,:we describe the class of degenerate Lagrangians we address, motivated by the example of 'point vortices interacting in a twodimensional potential flow. 
Example: point vortices
Though this Lagrangian is degenerate, Hamilton's principle still applies, and the Euler-Lagrange equations give the first-order evolution equations
The above Lagrangian has the general form
where a is a one-form on Q, and H is a function on Q. For the point vortex Lagrangian (4), with q = ( x , y) E R' ", the form a is given in coordinates bY 1 . .
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where rij = ri&j is a diagonal matrix of vortex strengths. It is well known (see, e.g., [5]) that this point vortex system possesses a Hamiltonian (symplectic) structure, and the motivation for the present work is to obtain integrators which preserve this symplectic structure.
Hamiltonian s t r u c t u r e
We now investigate t.he equations of motion that arise from Lagrangians of the form (6), and the sense in which these equations are Hamiltonian. Note that there are other classes of degenerate Lagrangians [l] , but the form (6) arises in many physical examples, including not just point vortices, hut also quantum mechanics! For these systems, the momentum is given hy For the point vortex Lagrangian (4), the symplectic form is therefore
It is important to note the differences between the usual case for regular Lagrangians, and the degenerate c s e discussed here. For regular Lagrangians, the Euler-Lagrange equations produce second-order equations, while for degenerate Lagrangians of t.he form (6), they give the first-order equations (8). Furthermore, in the regular case, the symplectic structure is a two-form on T'Q or, on the Lagrangian side, on TQ, while here the symplectic structure is a two-form on Q. This distinction will he important when we discuss the sense in which the integrators we derive are symplectic. 
T h e action
which is one way of seeing that the symplectic form R = -da is preserved by the flow map. 
Ld(q0,qI) = h . L((1-a)qo + U Q I , 7). (12)
Writing q k t U = (1 -a)qk + aqk+l, the discrete
Euler-Lagrange equations become
For point vortices, this expression simplifies considerably: For a = 0 or a = 1, the scheme is explicit, and is just the leapfrog scheme, which is often used in molecular dynamics simulations where exact energy conservation is critical. For a E ( 0 , l ) it gives a (possibly new) family of implicit schemes. The structure of the scheme is illustrated in Figure 1 . For a = l / 2 , the region of stability is the entire (closed) left half plane.
Thus, which scheme to use depends on a tradeoff between speed, accuracy, and stability. The scheme with a = 0 is explicit, so requires the least computation per timestep, but has the most severe timestep restriction of the family, lXhl < 1. The implicit scheme with U = 1/2 has no timestep restriction, but the implicit scheme with a = (3 -4 ) / 2 is the most accurate.
Discrete symplectic s t r u c t u r e
Let us look at the discrete symplectic structure that is conserved by our family of variational integrators. The discrete symplectic structure R,, is a two-form on Q x Q, given by
In coordinates, our discrete Lagrangian is given by (16)
This is the form that is preserved by the integrator. It is not clear precisely when this form is nondegenerate, as one reviewer pointed out. One might hope that this form is n0ndegenerat.e (on Q x Q) whenever d a is nondegenerate (on Q ) , but this is unfortunately not the case, and in fact the degeneracy of C~L~ depends on the choice of a, not just da. However, for the point vortex example, with a given by (7), C~L~ is nondegenerate, at least for small time steps.
One easily checks that this form is close to the continuous symplectic form Cl = -do: in the limit as h i 0 (and q1 + qo), the first and third lines of (17) vanish, and the form (15) becomes
The term that multiplies U will cancel (it is symmetric), and we are left with,
which is precisely the continuous symplectic form from section 3.2.
The fact that the continuous symplectic form is in the above sense, close to the discrete form, and the discrete form is exactly preserved, means that numerically, the continuous form will remain close to its exact value indefinitely for all bounded mw tions.
Numerical results: point vortices
We performed several numerical experiments to evaluate the performance of the symplectic i n t e grators, relative to some standard integrators of Explicit scheme. Figure 2 shows the variation in the Hamiltonian for schemes VE2 and RK2 for a system of four point vortices, with the following initial configuration: VE2 and h = 1 for scheme RK2 (the simulation using scheme RK2 blows up if the larger timestep h = 2 is used). The variational scheme VE2 is not self-starting, so scheme RK2 was used for the first timestep. Because scheme RK2 requires two right-hand-side evaluations for each timestep, the computational time for scheme RK2 is approximately four times that of scheme VE2. From Figure 2 , it is apparent that the scheme RK2 shows a secular drift in the Hamiltonian, while for the symplectic scheme VE2, the Hamiltonian remains close t o its initial value for all time.
Implicit scheme. To evaluate the performance of an implicit variational integrator (a = 1/2), we used the following two sets of initial conditions, also used hy 171: For the first case, the motion is quasi-periodic, and for the second case, the motion is chaotic. [7] . The simulations in Figure 4 were carried out for 0 5 t 5 lo5, and for scheme VI2 stays close to its original value, while scheme RK4 drifts.
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Conclusions
.We have developed the theory of variational integrators for a class of degenerate Lagrangians and have applied it to the case of point vortices in the plane to produce symplectic and momentum preserving schemes for arbitrary numbers of vortices. We have demonstrated with some numerical examples, that these schemes have excellent energy preserving properties compared to standard schemes and capture the subtle chaotic dynamics in a superior way.
